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1
Summary
The working string theorist is often confronted with the need to make use of various tech-
niques of algebraic geometry. Unfortunately, a problem of language exists. The specialized
mathematical literature is often difficult to read for the physicist, moreover differences in
terminology exist.
These lectures are meant to serve as an introduction to some geometric constructions and
techniques (in particular the ones of toric geometry) often employed by the physicist working
on string theory compactifications. The emphasis is wholly on the geometry side, not on the
physics. Knowledge of the basic concepts of differential, complex and Kähler geometry is
assumed.
The lectures are divided into four parts. Lecture one briefly reviews the basics of Calabi–
Yau geometry and then introduces toroidal orbifolds, which enjoy a lot of popularity in string
model building constructions. In lecture two, the techniques of toric geometry are introduced,
which are of vital importance for a large number of Calabi–Yau constructions. In particular,
it is shown how to resolve orbifold singularities, how to calculate the intersection numbers
and how to determine divisor topologies. In lectures three, the above techniques are used to
construct a smooth Calabi–Yau manifold from toroidal orbifolds by resolving the singularities
locally and gluing together the smooth patches. The full intersection ring and the divisor
topologies are determined by a combination of knowledge about the global structure of T6/Γ
and toric techniques. In lecture four, the orientifold quotient of such a resolved toroidal
orbifold is discussed.
The theoretical discussion of each technique is followed by a simple, explicit example.
At the end of each lecture, I give some useful references, with emphasis on text books and
review articles, not on the original articles.
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Lecture 1
Calabi–Yau basics and orbifolds
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In this lecture, I will briefly review the basics of Calabi–Yau geometry. As a simple and
extremely common example, I will introduce toroidal orbifolds.
1.1 Calabi–Yau manifolds
Calabi conjectured in 1957 that a compact Kähler manifold X of vanishing first Chern class
always admits a Ricci–flat metric. This was proven by Yau in 1977. Such a manifold X of
dimension n is now known as Calabi–Yau manifold. Equivalently, X is Calabi–Yau if it
(a) admits a Levi–Civita connection with SU(n) holonomy
(b) admits a nowhere vanishing holomorphic (n, 0)–form Ω
(c) has a trivial canonical bundle.
The Hodge numbers of a complex manifold are often displayed in a so–called Hodge dia-
mond:
h0,0
h1,0 h0,1
h2,0 h1,1 h0,2
h3,0 h2,1 h1,2 h0,3
h3,1 h2,2 h1,3
h3,2 h2,3
h3,3
(1.1)
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For a Kähler manifold, the Hodge diamond has two symmetries:
• Complex conjugation⇒ hp,q = hq,p (vertical reflection symmetry),
• Poincaré duality⇒ hp,q = hn−q,n−p (horizontal reflection symmetry).
For X being Calabi–Yau, the Hodge diamond is even more constrained: (b) implies that
hn,0 = 1 and furthermore hp,0 = hn−p,0. The Hodge–diamond of a Calabi–Yau 3–fold therefore
takes the form
1
0 0
0 h1,1 0
1 h2,1 h2,1 1
0 h1,1 0
0 0
1
(1.2)
Thus, the Hodge numbers of X are completely specified by h1,1 and h2,1. The Euler number of
X is
χ(X) = 2 (h1,1(X)− h2,1(X)). (1.3)
Until fairly recently, not a single example of an explicit compact Calabi–Yau metric was
known! 1
A Calabi–Yau manifold can be deformed in two ways: Either by varying its complex struc-
ture (its "shape"), or by varying its Kähler structure (its "size"). Variations of the metric of
mixed type δgmn correspond to variations of the Kähler structure and give rise to h1,1 param-
eters, whereas variations of pure type δgmn, δgmn correspond to variations of the complex
structure and give rise to h2,1 complex parameters. To metric variations of mixed type, a real
(1, 1)–form can be associated:
i δgmn dzm ∧ dzn . (1.4)
To pure type metric variations, a complex (2, 1)–form can be associated:
Ωijk gkn δgmn dzi ∧ dzj ∧ dzm , (1.5)
where Ω is the Calabi–Yau (3, 0)–form.
1D Calabi–Yaus
It is easy to list all one–dimensional Calabi–Yaus: there is but the complex plane, the punc-
tured complex plane (i.e.the cylinder) and the two–torus T2.
The Hodge diamond of a 1D Calabi–Yau is (not surprisingly) completely constrained:
h0,0
h1,0 h0,1
h1,1
=
1
1 1
1
(1.6)
1This only changed with the introduction of Calabi–Yaus that are cones over Sasaki–Einstein manifolds, see
e.g. [1].
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We now illustrate the concept of moduli for the simple case of T2, which has the metric
g =
(
g11 g12
g12 g22
)
=
(
R21 R1R2 cos θ12
R1R2 cos θ12 R22
)
. (1.7)
A T2 comes with one Kähler modulus T , which parametrizes its volume, and one complex
structure modulus, which corresponds to its modular parameter U = τ. Figure 1.1 depicts
Im(z)
Re(z)
τ=R /R eiθ2
1
1R /R sinθ2 1
Figure 1.1: Fundamental region of a T2
the fundamental region of a T2. The area of the torus is given by R1R2 sin θ12, expressed
through the metric, we find
T = √det g = R1R2 sin θ12. (1.8)
In heterotic string theory, the Kähler moduli are complexified by pairing them up with the
components of the anti–symmetric tensor B. In type I IB string theory, the Kähler moduli are
paired with the components of the Ramond–Ramond four–form C4. The usual normalization
of the fundamental region in string theory is such that the a–cycle is normalized to 1, while
the modular parameter becomes τ = R2/R1 eiθ. The complex structure modulus expressed
through the metric is
U = 1
g11
( g12 + i
√
det g ). (1.9)
2D Calabi–Yaus
In two dimensions, there are (up to diffeomorphism) only two compact Calabi–Yaus: the
K3–surface and the 4–torus T4. The Hodge diamond of the K3 is
h0,0
h1,0 h0,1
h2,0 h1,1 h0,2
h2,1 h1,2
h2,2
=
1
0 0
1 20 1
0 0
1
(1.10)
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3D Calabi–Yaus
In three dimensions, no classification exists. It is not even known whether there are finitely
or infinitely many (up to diffeomorphism).
There are several classes, which can be constructed fairly easily:
• hypersurfaces in toric varieties
• complete intersections in toric varieties (CICY)
• toroidal orbifolds and their resolutions
• Cones over Sasaki–Einstein spaces (with metric!).
In the following, I will mainly concentrate on the third point. The machinery of toric
geometry will be introduced, which is vital for most of these constructions.
1.2 Orbifolds – A simple and common example
The string theorist has been interested in orbifolds for many years already (see [2] in 1985),
and for varying reasons, one of course being their simplicity. Knowledge of this construction
is thus one of the basic requirements for a string theorist.
An orbifold is obtained by dividing a smooth manifold by the non–free action of a discrete
group:
X = Y/Γ . (1.11)
The original mathematical definition is broader: any algebraic variety whose only singulari-
ties are locally of the form of quotient singularities is taken to be an orbifold.
The string theorist is mostly concerned with toroidal orbifolds of the form T6/Γ. While the
torus is completely flat, the orbifold is flat almost everywhere: its curvature is concentrated
in the fixed points of Γ. At these points, conical singularities appear.
Only the simplest variety of toroidal orbifolds will be discussed here: Γ is taken to be
abelian, there will be no discrete torsion or vector structure.
Toroidal orbifolds are simple, yet non–trivial. Their main asset is calculability, which holds
for purely geometric as well as for string theoretic aspects.
1.2.1 Point groups and Coxeter elements
A torus is specified by its underlying lattice Λ: Points which differ by a lattice vector are
identified:
x ∼ x + l, l ∈ Λ . (1.12)
The six–torus is therefore defined as quotient of R6 with respect to the lattice Λ:
T6 = R6/Λ . (1.13)
To define an orbifold of the torus, we divide by a discrete group Γ, which is called the point
group, or simply the orbifold group. We cannot choose any random group as the point group
Γ, it must be an automorphism of the torus lattice Λ, i.e. it must preserve the scalar product
and fulfill
g l ∈ Λ if l ∈ Λ, g ∈ Γ . (1.14)
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To fully specify a toroidal orbifold, one must therefore specify both the torus lattice as well
as the point group. In the context of string theory, a set–up with SU(3)–holonomy2 is what
is usually called for, which restricts the point group Γ to be a subgroup of SU(3). Since we
restrict ourselves to abelian point groups, Γ must belong to the Cartan subalgebra of SO(6).
On the complex coordinates of the torus, the orbifold twist will act as
θ : (z1, z2, z3)→ (e2piiζ1 z1, e2piiζ2 z2, e2piiζ3 z3), 0 ≤ |ζ i| < 1, i = 1, 2, 3. (1.15)
The requirement of SU(3)–holonomy can also be phrased as requiring invariance of the
(3, 0)–form of the torus, Ω = dz1 ∧ dz2 ∧ dz3. This leads to
± ζ1 ± ζ2 ± ζ3 = 0. (1.16)
We must furthermore require that Γ acts crystallographically on the torus lattice. Together
with the condition (1.16), this amounts to Γ being either
ZN with N = 3, 4, 6, 7, 8, 12 , (1.17)
or ZN ×ZM with M a multiple of N and N = 2, 3, 4, 6. With the above, one is lead to the
usual standard embeddings of the orbifold twists, which are given in Tables 1.1 and 1.2. The
most convenient notation is
(ζ1, ζ2, ζ3) =
1
n
(n1, n2, n3) with n1 + n2 + n3 = 0 mod n . (1.18)
Notice that Z6, Z8 and Z12 have two inequivalent embeddings in SO(6).
Point group 1n (n1, n2, n3)
Z3
1
3 (1, 1,−2)
Z4
1
4 (1, 1,−2)
Z6−I 16 (1, 1,−2)
Z6−I I 16 (1, 2,−3)
Z7
1
7 (1, 2,−3)
Z8−I 18 (1, 2,−3)
Z8−I I 18 (1, 3,−4)
Z12−I 112 (1, 4,−5)
Z12−I I 112 (1, 5,−6)
Table 1.1: Group generators for ZN-orbifolds.
For all point groups given in Tables 1.1 and 1.2, it is possible to find a compatible torus
lattice, in several cases even more than one.
We will now repeat the same construction starting out from a real six–dimensional lattice.
A lattice is suitable for our purpose if its automorphism group contains subgroups in SU(3).
2This results in N = 1 supersymmetry for heterotic string theory and in N = 2 in type I I string theories in
four dimensions.
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Point group 1n (n1, n2, n3)
1
m (m1, m2, m3)
Z2 ×Z2 12 (1, 0,−1) 12 (0, 1,−1)
Z2 ×Z4 12 (1, 0,−1) 14 (0, 1,−1)
Z2 ×Z6 12 (1, 0,−1) 16 (0, 1,−1)
Z2 ×Z6′ 12 (1, 0,−1) 16 (1, 1,−2)
Z3 ×Z3 13 (1, 0,−1) 13 (0, 1,−1)
Z3 ×Z6 13 (1, 0,−1) 16 (0, 1,−1)
Z4 ×Z4 14 (1, 0,−1) 14 (0, 1,−1)
Z6 ×Z6 16 (1, 0,−1) 16 (0, 1,−1)
Table 1.2: Group generators for ZN ×ZM-orbifolds.
Taking the eigenvalues of the resulting twist, we are led back to twists of the form (1.17). A
possible choice is to consider the root lattices of semi–simple Lie–Algebras of rank 6. All one
needs to know about such a lattice is contained in the Cartan matrix of the respective Lie
algebra. The matrix elements of the Cartan matrix are defined as follows:
Aij = 2
〈ei, ej〉
〈ej, ej〉 , (1.19)
where the ei are the simple roots.
The inner automorphisms of these root lattices are given by the Weyl–group of the Lie–
algebra. A Weyl reflection is a reflection on the hyperplane perpendicular to a given root:
Si(x) = x− 2 〈x, ei〉〈ei, ei〉 ei. (1.20)
These reflections are not in SU(3) and therefore not suitable candidates for a point group,
but the Weyl group does have a subgroup contained in SU(3): the cyclic subgroup generated
by the Coxeter element, which is given by successive Weyl reflections with respect to all simple
roots:
Q = S1S2...Srank. (1.21)
The so–called outer automorphisms are those which are generated by transpositions of roots
which are symmetries of the Dynkin diagram. By combining Weyl reflections with such outer
automorphisms, we arrive at so–called generalized Coxeter elements. Pij denotes the transpo-
sition of the i’th and j’th roots.
The orbifold twist Γ may be represented by a matrix Qij, which rotates the six lattice basis
vectors:3
ei → Qji ej . (1.22)
The following discussion is restricted to cases in which the orbifold twist acts as the (general-
ized) Coxeter element of the group lattices, these are the so–called Coxeter–orbifolds4.
3Different symbols for the orbifold twist are used according to whether we look at the quantity which acts on
the real six-dimensional lattice (Q) or on the complex coordinates (θ).
4It is also possible to construct non–Coxeter orbifolds, such as e.g. Z4 on SO(4)3 as discussed in [3].
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We now change back to the complex basis {zi}i=1,2,3, where the twist Q acts diagonally
on the complex coordinates, i.e.
θ : zi → e2piiζi zi , (1.23)
with the eigenvalues 2pii ζi introduced above. To find these complex coordinates we make
the ansatz
zi = ai1 x
1 + ai2 x
2 + ai3 x
3 + ai4 x
4 + ai5 x
5 + ai6 x
6 . (1.24)
Knowing how the Coxeter twist acts on the root lattice and therefore on the real coordinates
xi, and knowing how the orbifold twist acts on the complex coordinates, see Tables 1.3 and
1.4, we can determine the coefficients aij by solving
Qt zi = e2piiζi zi. (1.25)
The transformation which takes us from the real to the complex basis must be unimodular.
The above equation only constrains the coefficients up to an overall complex normalization
factor. For convenience we choose a normalization such that the first term is real.
Example A: Z6−I on G22 × SU(3)
We take the torus lattice to be the root lattice of G22 × SU(3), a direct product of three rank
two root lattices, and explicitly construct its Coxeter element. First, we look at the SU(3)–factor.
With the Cartan matrix of SU(3),
A =
(
2 −1
−1 2
)
, (1.26)
and eq. (1.20), the matrices of the two Weyl reflections can be constructed:
S1 =
(−1 1
0 1
)
, S2 =
(
1 0
1 −1
)
. (1.27)
The Coxeter element is obtained by multiplying the two:
QSU(3) = S1S2 =
(
0 −1
1 −1
)
. (1.28)
In the same way, we arrive at the Coxeter-element of G2. The six-dimensional Coxeter element is
built out of the three 2× 2–blocks:
Q =

2 −1 0 0 0 0
3 −1 0 0 0 0
0 0 2 −1 0 0
0 0 3 −1 0 0
0 0 0 0 0 −1
0 0 0 0 1 −1
 . (1.29)
The eigenvalues of Q are e2pii/6, e−2pii/6, e2pii/6, e−2pii/6, e2pii/3, e−2pii/3, i.e. those of the Z6−I–
twist, see Table 1.1, and Q fulfills Q6 = Id.
Solving (1.25) yields the following solution for the complex coordinates:
z1 = a (−(1+ e2pii/6) x1 + x2) + b (−(1+ e2pii/6) x3 + x4),
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z2 = c (−(1+ e2pii/6) x1 + x2) + d (−(1+ e2pii/6) x3 + x4),
z3 = e (e2pii/3 x5 + x6), (1.30)
where a, b, c, d and e are complex constants left unfixed by the twist alone. In the following, we
will choose a, d, e such that x1, x3, x5 have a real coefficient and the transformation matrix is
unimodular and set b = c = 0, so the complex structure takes the following form:
z1 = x1 +
1√
3
e5pii/6 x2,
z2 = x3 +
1√
3
e5pii/6 x4,
z3 = 31/4 (x5 + e2pii/3 x6). (1.31)
1.2.2 List of point groups and lattices
In the Tables 1.3 and 1.4, a list of torus lattices together with the compatible orbifold point
group is given [4].5 Notice that some point groups are compatible with several lattices.
The tables give the torus lattices and the twisted and untwisted Hodge numbers. The
lattices marked with [, ], and ∗ are realized as generalized Coxeter twists, the automorphism
being in the first and second case S1S2S3S4P36P45 and in the third S1S2S3P16P25P34.
1.2.3 Fixed set configurations and conjugacy classes
Many of the defining properties of an orbifold are encoded in its singularities. Not only the
type (which group element they come from, whether they are isolated or not) and number of
singularities is important, but also their spatial configuration. Here, it makes a big difference
on which torus lattice a specific twist lives. The difference does not arise for the fixed points
in the first twisted sector, i.e. those of the θ–element which generates the group itself. But in
the higher twisted sectors, in particular in those which give rise to fixed tori, the number of
fixed sets differs for different lattices, which leads to differing Hodge numbers.
A point f (n) is fixed under θn ∈ Zm, n = 0, ..., m− 1, if it fulfills
θn f (n) = f (n) + l, l ∈ Λ, (1.32)
where l is a vector of the torus lattice. In the real lattice basis, we have the identification
xi ∼ xi + 1 . (1.33)
Like this, we obtain the sets that are fixed under the respective element of the orbifold group.
A twist 1n (n1, n2, n3) and its anti–twist
1
n (1− n1, 1− n2, 1− n3) give rise to the same fixed sets,
so do permutations of (n1, n2, n3). Therefore not all group elements of the point group need
to be considered separately. The prime orbifolds, i.e. Z3 and Z7 have an especially simple
fixed point configuration since all twisted sectors correspond to the same twist and so give
rise to the same set of fixed points. Point groups containing subgroups generated by elements
of the form
1
n
(n1, 0, n2), n1 + n2 = 0 mod n (1.34)
5Other references such as [5] give other lattices as well.
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ZN Lattice huntw.(1,1) h
untw.
(2,1) h
twist.
(1,1) h
twist.
(2,1)
Z3 SU(3)3 9 0 27 0
Z4 SU(4)2 5 1 20 0
Z4 SU(2)× SU(4)× SO(5) 5 1 22 2
Z4 SU(2)2 × SO(5)2 5 1 26 6
Z6−I (G2 × SU(3)2)[ 5 0 20 1
Z6−I SU(3)× G22 5 0 24 5
Z6−I I SU(2)× SU(6) 3 1 22 0
Z6−I I SU(3)× SO(8) 3 1 26 4
Z6−I I (SU(2)2 × SU(3)× SU(3))] 3 1 28 6
Z6−I I SU(2)2 × SU(3)× G2 3 1 32 10
Z7 SU(7) 3 0 21 0
Z8−I (SU(4)× SU(4))∗ 3 0 21 0
Z8−I SO(5)× SO(9) 3 0 24 3
Z8−I I SU(2)× SO(10) 3 1 24 2
Z8−I I SO(4)× SO(9) 3 1 28 6
Z12−I E6 3 0 22 1
Z12−I SU(3)× F4 3 0 26 5
Z12−I I SO(4)× F4 3 1 28 6
Table 1.3: Twists, lattices and Hodge numbers for ZN orbifolds.
ZN Lattice huntw.(1,1) h
untw.
(2,1) h
twist.
(1,1) h
twist.
(2,1)
Z2 ×Z2 SU(2)6 3 3 48 0
Z2 ×Z4 SU(2)2 × SO(5)2 3 1 58 0
Z2 ×Z6 SU(2)2 × SU(3)× G2 3 1 48 2
Z2 ×Z6′ SU(3)× G22 3 0 33 0
Z3 ×Z3 SU(3)3 3 0 81 0
Z3 ×Z6 SU(3)× G22 3 0 70 1
Z4 ×Z4 SO(5)3 3 0 87 0
Z6 ×Z6 G32 3 0 81 0
Table 1.4: Twists, lattices and Hodge numbers for ZN ×ZM orbifolds.
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give rise to fixed tori.
It is important to bear in mind that the fixed points were determined on the covering
space. On the quotient, points which form an orbit under the orbifold group are identified.
For this reason, not the individual fixed sets, but their conjugacy classes must be counted.
To form a notion of what the orbifold looks like, it is useful to have a schematic picture of
the configuration, i.e. the intersection pattern of the singularities.
Example A: Z6−I on G22 × SU(3)
In the following, we will identify the fixed sets under the θ–, θ2– and θ3–elements. θ4 and θ5
yield no new information, since they are simply the anti–twists of θ2 and θ. The Z6−I–twist has
only one fixed point in each torus, namely zi = 0. The Z3–twist has three fixed points in each
direction, namely z1 = z2 = 0, 1/3, 2/3 and z3 = 0, 1/
√
3 epii/6, 1+ i/
√
3. The Z2–twist, which
arises in the θ3–twisted sector, has four fixed points, corresponding to z1 = z2 = 0, 12 ,
1
2τ,
1
2 (1+ τ)
for the respective modular parameter τ. As a general rule, we shall use red to denote the fixed
set under θ, blue to denote the fixed set under θ2 and pink to denote the fixed set under θ3. Note
that the figure shows the covering space, not the quotient.
Table 1.5 summarizes the important data of the fixed sets. The invariant subtorus under θ3
is (0, 0, 0, 0, x5, x6) which corresponds simply to z3 being invariant.
Group el. Order Fixed Set Conj. Classes
θ = 16 (1, 1, 4) 6 3 fixed points 3
θ2 = 13 (1, 1, 1) 3 27 fixed points 15
θ3 = 12 (1, 1, 0) 2 16 fixed lines 6
Table 1.5: Fixed point set for Z6−I on G22 × SU(3)
Figure 1.2: Schematic picture of the fixed set configuration of Z6−I on G22 × SU(3)
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Figure 1.2 shows the configuration of the fixed sets in a schematic way, where each complex
coordinate is shown as a coordinate axis and the opposite faces of the resulting cube of length 1
are identified. Note that this figure shows the whole six–torus and not the quotient. The arrows
indicate the orbits of the fixed sets under the action of the orbifold group.
1.3 Literature
A very good introduction to complex manifolds are the lecture notes by Candelas and de la
Ossa [6], which are unfortunately not available online. Usually, old paper copies which were
handed down from earlier generations can still be found in most string theory groups. For
nearly all purposes, the book of Nakahara [7] is an excellent reference. An introduction to all
necessary basics which is very readable for the physicist is given in Part 1 of [8]. Specifically
for Calabi–Yau geometry, there is the book by Hübsch [9]. A number of lecture notes and
reviews contain much of the basics, see for example [10].
On Orbifolds, a number of reviews exist (mainly focusing on physics, though), e.g. [5].
More orbifold examples as introduced above are contained in [11].
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In this lecture, I will introduce an extremely useful tool, namely the methods of toric
geometry. The geometry is summarized in combinatorial data, which is fairly simple to use.
After introducing the basics, I will discuss the resolution of singularities via a bow–up,
the determination of the Mori generators and the intersection ring, as well as how to deter-
mine the divisor topologies in non–compact toric varieties. The material is introduced at the
example of orbifolds of the form C3/Zn.
2.1 The basics
An n–dimensional toric variety has the form
XΣ = (CN \ FΣ)/(C∗)m, (2.1)
where m < N, n = N−m. (C∗)m is the algebraic torus which lends the variety its name and
acts via coordinatewise multiplication1. FΣ is the subset that remains fixed under a continuous
subgroup of (C∗)m and must be subtracted for the variety to be well–defined.
Toric varieties can also be described in terms of gauged linear sigma models. In short, for
an appropriate choice of Fayet–Iliopoulos parameters, the space of supersymmetric ground
states of the gauged linear sigma models is a toric variety. We will not take this point of view
here and thus refer the reader to the literature, e.g. [3].
1An algebraic torus can be defined for any field K. The name is connected to the fact that if K = C, an
algebraic torus is the complexification of the standard torus (S1)n.
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Example 0: Projective spaces
The complex projective space Pn (sometimes also denoted CPn) is defined by
Pn = (Cn+1 \ {0})/C∗. (2.2)
It is a quotient space and corresponds to the complex lines passing through the origin of Cn+1.
C∗ acts by coordinatewise multiplication. 0 has to be removed, so C∗ acts freely (without fixed
points). Pn thus corresponds to the space of C∗ orbits. Points on the same line are equivalent:
[X0, X1, ..., Xn] ∼ [λX0,λX1, ...,λXn], λ ∈ C∗. (2.3)
The X0, ...Xn are the so–called homogeneous coordinates and are redundant by one. In a local
coordinate patch with Xi 6= 0, one can define coordinates invariant under rescaling
zk = Xk/Xi, k 6= i . (2.4)
Pn is compact and all its complex submanifolds are compact. Moreover, Chow proved that any
submanifold of Pn can be realized as the zero locus of finitely many homogeneous polynomial
equations. P1 corresponds to S2.
Weighted projective spaces are a generalization of the above, with different torus actions:
λ : (X0, X1..., Xn) 7→ (λw0 X0, λw1 X1, ..., λwn Xn). (2.5)
With this λ we can define
Pn(w0,...,wn) = (C
n+1 \ {0})/C∗. (2.6)
Note, that the action of C∗ is no longer free2 . The weighted projective space will thus contain
quotient singularities.
Projective spaces are obviously the most simple examples of toric varieties. The fans (see
Sec. 2.1) of P1 and P2 are shown in Figure 2.1.
(a) Fan of P1 (b) Fan of P2
Figure 2.1: Fans of projective spaces
2Suppose wi 6= 0. Then it is possible to choose λ 6= 1 such that λwi = 1, which results in (0, .., 0, Xi, 0, ..., 0) =
(0, ..., 0,λwi Xi, 0, ...0).
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A lattice and a fan
A toric variety XΣ can be encoded by a lattice N which is isomorphic to Zn and its fan Σ.
The fan is a collection of strongly convex rational cones in N ⊗Z R with the property that
each face of a cone in Σ is also a cone in Σ and the intersection of two cones in Σ is a face of
each. The d–dimensional cones in Σ are in one–to–one correspondence with the codimension
d–submanifolds of XΣ. The one–dimensional cones in particular correspond to the divisors in
XΣ.
The fan Σ can be encoded by the generators of its edges or one–dimensional cones, i.e. by
vectors vi ∈ N. To each vi we associate a homogeneous coordinate zi of XΣ. To each of the vi
corresponds the divisor Di which is determined by the equation zi = 0. The (C∗)m action on
the vi is encoded in m linear relations
d
∑
i=1
l(a)i vi = 0, a = 1, . . . , m, l
(a)
i ∈ Z. (2.7)
To each linear relation we assign a monomial
Ua =
d
∏
i=1
zl
(a)
i
i . (2.8)
These monomials are invariant under the scaling action and form the local coordinates of Xσ.
In general, monomials of type za11 ....z
ak
k are sections of line bundles O(a1 D1 + ...+ ak Dk). Let
M be the lattice dual to N with respect to the pairing 〈 , 〉. For any p ∈ M, monomials of
the form z〈v1,p〉1 ....z
〈vk ,p〉
k are invariant under the scaling action and thus give rise to a linear
equivalence relation
〈v1, p〉D1 + ...+ 〈vk, p〉Dk ∼ 0 . (2.9)
We are uniquely interested in Calabi–Yau manifolds, therefore we require XΣ to have
trivial canonical class. The canonical divisor of XΣ is given by −D1 − ...− Dn, so for XΣ to
be Calabi–Yau, D1 + ...+ Dn must be trivial, i.e. there must be a p ∈ M such that 〈vi, p〉 = 1
for every i. This translates to requiring that the vi must all lie in the same affine hyperplane
one unit away from the origin v0. In our 3–dimensional case, we can choose e.g. the third
component of all the vectors vi (except v0) to equal one. The vi form a cone C(∆(2)) over
the triangle ∆(2) = 〈v1, v2, v3〉 with apex v0. The Calabi–Yau condition therefore allows us to
draw toric diagrams ∆(2) in two dimensions only. The toric diagram drawn on the hyperplane
has an obvious SL(2,Z) symmetry, i.e. toric diagrams which are connected by an SL(2,Z)
transformation give rise to the same toric variety.
In the dual diagram, the geometry and intersection properties of a toric manifold are
often easier to grasp than in the original toric diagram. The divisors, which are represented
by vertices in the original toric diagram become faces in the dual diagram, the curves marking
the intersections of two divisors remain curves and the intersections of three divisors which
are represented by the faces of the original diagram become vertices. In the dual graph, it is
immediately clear, which of the divisors and curves are compact.
For now, we remain with the orbifold examples discussed earlier. So how do we go about
finding the fan of a specific C3/Zn–orbifold? We have just one three–dimensional cone in Σ,
generated by v1, v2, v3. The orbifold acts as follows on the coordinates of C3:
θ : (z1, z2, z2)→ (ε z1, εn1 z2, εn2 z3), ε = e2pii/n. (2.10)
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For such an action we will use the shorthand notation 1n (1, n1, n2). The coordinates of XΣ are
given by
Ui = z(v1)i1 z
(v2)i
2 z
(v3)i
3 . (2.11)
To find the coordinates of the generators vi of the fan, we require the Ui to be invariant under
the action of θ. We end up looking for two linearly independent solutions of the equation
(v1)i + n1 (v2)i + n2 (v3)i = 0 mod n. (2.12)
The Calabi–Yau condition is trivially fulfilled since the orbifold actions are chosen such that
1+ n1 + n2 = n and εn = 1.
XΣ is smooth if all the top–dimensional cones in Σ have volume one. By computing the
determinant det(v1, v2, v3), it can be easily checked that this is not the case in any of our
orbifolds. We will therefore resolve the singularities by blowing them up.
Example A.1: C3/Z6−I
The group Z6−I acts as follows on C3:
θ : (z1, z2, z3)→ (ε z1, ε z2, ε4 z3), ε = e2pii/6. (2.13)
To find the components of the vi, we have to solve
(v1)i + (v2)i + 4 (v3)i = 0 mod 6 . (2.14)
This leads to the following three generators of the fan (or some other linear combination thereof):
v1 =
 1−2
1
 , v2 =
−1−2
1
 , v3 =
01
1
 . (2.15)
The toric diagram of C3/Z6−I and its dual diagram are depicted in Figure 2.2.
1
D
3
D
2
D
3
D
2
D
1
D
Figure 2.2: Toric diagram of C3/Z6−I and dual graph
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2.2 Resolution of singularities
There are several ways of resolving a singularity, one of them being the blow–up. The process
of blowing up consists of two steps in toric geometry: First, we must refine the fan, then sub-
divide it. Refining the fan means adding 1–dimensional cones. The subdivision corresponds
to choosing a triangulation for the toric diagram. Together, this corresponds to replacing the
point that is blown up by an exceptional divisor. We denote the refined fan by Σ˜.
We are interested in resolving the orbifold–singularities such that the canonical class of
the manifold is not affected, i.e. the resulting manifold is still Calabi–Yau (in mathematics
literature, this is called a crepant resolution). When adding points that lie in the intersection
of the simplex with corners vi and the lattice N, the Calabi–Yau criterion is met. Aspinwall
studies the resolution of singularities of type Cd/G and gives a very simple prescription [1].
We first write it down for the case of C3/Zn. For what follows, it is more convenient to write
the orbifold twists in the form
θ : (z1, z2, z3)→ (e2piig1 z1, e2piig2 z2, e2piig3 z3). (2.16)
The new generators wi are obtained via
wi = g
(i)
1 v1 + g
(i)
2 v2 + g
(i)
3 v3, (2.17)
where the g(i) = (g(i)1 , g
(i)
2 , g
(i)
3 ) ∈ Zn = {1, θ, θ2, ... , θn−1} such that
3
∑
i=1
gi = 1, 0 ≤ gi < 1. (2.18)
θ always fulfills this criterion. We denote the the exceptional divisors corresponding to the wi
by Ei. To each of the new generators we associate a new coordinate which we denote by yi,
as opposed to the zi we associated to the original vi.
Let us pause for a moment to think about what this method of resolution means. The
obvious reason for enforcing the criterion (2.18) is that group elements which do not respect
it fail to fulfill the Calabi–Yau condition: Their third component is no longer equal to one. But
what is the interpretation of these group elements that do not contribute? Another way to
phrase the question is: Why do not all twisted sectors contribute exceptional divisors? A closer
look at the group elements shows that all those elements of the form 1n (1, n1, n2) which fulfill
(2.18) give rise to inner points of the toric diagram. Those of the form 1n (1, 0, n− 1) lead to
points on the edge of the diagram. They always fulfill (2.18) and each element which belongs
to such a sub–group contributes a divisor to the respective edge, therefore there will be n− 1
points on it. The elements which do not fulfill (2.18) are in fact anti–twists, i.e. they have the
form 1n (n− 1, n− n1, n− n2). Since the anti–twist does not carry any information which was
not contained already in the twist, there is no need to take it into account separately, so also
from this point of view it makes sense that it does not contribute an exceptional divisor to the
resolution.
The case C2/Zn is even simpler. The singularity C2/Zn is called a rational double point
of type An−1 and its resolution is called a Hirzebruch–Jung sphere tree consisting of n − 1
exceptional divisors intersecting themselves according to the Dynkin diagram of An−1. The
corresponding polyhedron ∆(1) consists of a single edge joining two vertices v1 and v2 with
n− 1 equally spaced lattice points w1, . . . , wn−1 in the interior of the edge.
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Now we subdivide the cone. The diagram of the resolution of C3/G contains n triangles,
where n is the order of G, yielding n three–dimensional cones. For most groups G, several
triangulations, and therefore several resolutions are possible (for large group orders even sev-
eral thousands). They are all related via birational3 transformations, namely flop transitions.
Some physical properties change for different triangulations, such as the intersection ring.
Different triangulations correspond to different phases in the Kähler moduli space.
This treatment is easily extended to C3/ZN ×ZM–orbifolds. When constructing the fan,
the coordinates of the generators vi not only have to fulfill one equation (2.12) but three,
coming from the twist θ1 associated to ZN, the twist θ2 associated to ZM and from the
combined twist θ1θ2. When blowing up the orbifold, the possible group elements g(i) are
{(θ1)i(θ2)j, i = 0, ..., N − 1, j = 0, ..., M− 1}. (2.19)
The toric diagram of the blown–up geometry contains N ·M triangles corresponding to the
tree–dimensional cones. The remainder of the preceding discussion remains the same.
We also want to settle the question to which toric variety the blown–up geometry corre-
sponds. Applied to our case XΣ = C3/G, the new blown up variety corresponds to
XΣ˜ =
(
C3+d \ FΣ˜
)
/(C∗)d, (2.20)
where d is the number of new generators wi of one–dimensional cones. The action of (C∗)d
corresponds to the set of rescalings that leave the
U˜i = z
(v1)i
1 z
(v2)i
2 z
(v3)i
3 (y1)
(w1)i... (yd)(wd)i (2.21)
invariant. The excluded set FΣ˜ is determined as follows: Take the set of all combinations
of generators vi of one–dimensional cones in Σ that do not span a cone in Σ and define for
each such combination a linear space by setting the coordinates associated to the vi to zero.
FΣ is the union of these linear spaces, i.e. the set of simultaneous zeros of coordinates not
belonging to the same cone. In the case of several possible triangulations, it is the excluded
set that distinguishes the different resulting geometries.
Example A.1: C3/Z6−I
We will now resolve the singularity of C3/Z6−I . The group elements are θ = 16 (1, 1, 4), θ
2 =
1
3 (1, 1, 1), θ
3 = 12 (1, 1, 0), θ
4 = 13 (2, 2, 2) and θ
5 = 16 (5, 5, 2). θ, θ
2 and θ3 fulfill condition
(2.18). This leads to the following new generators:
w1 = 16 v1 +
1
6 v2 +
4
6 v3 = (0, 0, 1),
w2 = 13 v1 +
1
3 v2 +
1
3 v3 = (0,−1, 1),
w3 = 12 v1 +
1
2 v2 = (0,−2, 1). (2.22)
In this case, the triangulation is unique. Figure 2.3 shows the corresponding toric diagram and
its dual graph. Let us identify the new geometry. The U˜i are
3A birational map between algebraic varieties is a rational map with a rational inverse. A rational map from a
complex manifold M to projective space Pn is a map f : z → [1, f1(z), ..., fn(z)] given by n global meromorphic
functions on M.
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1
D
3
D
2
D
3
D
2
D
1
D
E3
E2
E1
E3
E2
E1
Figure 2.3: Toric diagram of the resolution of C3/Z6−I and dual graph
U˜1 =
z1
z2
, U˜2 =
z3
z21z
2
2y2y
2
3
, U˜3 = z1z2z3y1y2y3. (2.23)
The rescalings that leave the U˜i invariant are
(z1, z2, z3, y1, y2, y3)→ (λ1 z1, λ1 z2, λ41λ2λ3 z3,
1
λ61λ
2
2λ
3
3
y1, λ2 y2, λ3 y3). (2.24)
According to eq. (2.20), the new blown–up geometry is
XΣ˜ = (C
6 \ FΣ˜)/(C∗)3, (2.25)
where the action of (C∗)3 is given by eq. (2.24). The excluded set is generated by
FΣ˜ = {(z3, y2) = 0, (z3, y3) = 0, (y1, y3) = 0, (z1, z2) = 0 }.
As can readily be seen in the dual graph, we have seven compact curves in XΣ˜. Two of them,
{y1 = y2 = 0} and {y2 = y3 = 0} are exceptional. They both have the topology of P1. Take for
example C1: To avoid being on the excluded set, we must have y3 6= 0, z3 6= 0 and (z1, z2) 6= 0.
Therefore C1 = {(z1, z2, 1, 0, 0, 1), (z1, z1) 6= 0}/(z1, z2), which corresponds to a P1.
We have now six three–dimensional cones: S1 = (D1, E2, E3), S2 = (D1, E2, E1), S3 =
(D1, E1, D3), S4 = (D2, E2, E3), S5 = (D2, E2, E1), and S6 = (D2, E1, D3).
Example B.1: C3/Z6−I I
We briefly give another example to illustrate the relation between different triangulations of a
toric diagram. The resolution of C3/Z6−I I allows five different triangulations. Figure 2.4 gives
the five toric diagrams.
We start out with triangulation a). When the curve D1 · E1 is blown down and the curve
E3 · E4 is blown up instead, we have gone through a flop transition and arrive at the triangulation
b). From b) to c) we arrive by performing the flop E1 · E4 → E2 · E3. From c) to d) takes us the
flop E1 ·E2 → D2 ·E3. The last triangulation e) is produced from b) by flopping E1 ·E3 → D3 ·E4.
Thus, all triangulations are related to each other by a series of birational transformations.
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D
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D
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3
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E13
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e)
D
E
1 2
3
4 DD E E
E13
2
d)
Figure 2.4: The five different triangulations of the toric diagram of the resolution of C3/Z6−I I
2.3 Mori cone and intersection numbers
The intersection ring of a variety is an important quantity which often proves to be of interest
for the physicist (e.g. to determine the Kähler potential for the Kähler moduli space). The
framework of toric geometry allows us to extract the desired information with ease.
Note that the intersection number of two cycles A, B only depends on the homology
classes of A and B. Note also that ∑ biDi and ∑ b′i Di (where the Di are the divisors corre-
sponding to the one–dimensional cones) are linearly equivalent if and only if they are homo-
logically equivalent.
To arrive at the equivalences in homology, we first identify the linear relations between
the divisors of the form
ai1 v1 + a
i
2 v2 + a
i
3 v3 + a
i
4 w1 + ...+ a
i
3+d wd = 0 . (2.26)
These linear relations can be obtained either by direct examination of the generators or can be
read off directly from the algebraic torus action (C∗)m. The exponents of the different scaling
parameters yield the coefficients ai. The divisors corresponding to such a linear combination
are sliding divisors in the compact geometry. It is very convenient to introduce a matrix
( P |Q ): The rows of P contain the coordinates of the vectors vi and wi. The columns of
Q contain the linear relations between the divisors, i.e. the vectors {ai}. From the rows of
Q, which we denote by Ci, i = 1, ..., d, we can read off the linear equivalences in homology
between the divisors which enable us to compute all triple intersection numbers. For most
applications, it is most convenient to choose the Ci to be the generators of the Mori cone. The
Mori cone is the space of effective curves, i.e. the space of all curves
C ∈ XΣ with C · D ≥ 0 for all divisors D ∈ XΣ. (2.27)
It is dual to the Kähler cone. In our cases, the Mori cone is spanned by curves corresponding
to two–dimensional cones. The curves correspond to the linear relations for the vertices. The
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generators for the Mori cone correspond to those linear relations in terms of which all others
can be expressed as positive, integer linear combinations.
We will briefly survey the method of finding the generators of the Mori cone, which can
be found e.g. in [2].
I. In a given triangulation, take the three–dimensional simplices Sk (corresponding to
the three–dimensional cones). Take those pairs of simplices (Sl , Sk) that share a two–
dimensional simplex Sk ∩ Sl.
II. For each such pair find the unique linear relation among the vertices in Sk ∪ Sl such that
(i) the coefficients are minimal integers and
(ii) the coefficients for the points in (Sk ∪ Sl) \ (Sk ∩ Sl) are positive.
III. Find the minimal integer relations among those obtained in step 2 such that each of
them can be expressed as a positive integer linear combination of them.
While the first two steps are very simple, step III. becomes increasingly tricky for larger
groups.
The general rule for triple intersections is that the intersection number of three distinct
divisors is 1 if they belong to the same cone and 0 otherwise. The set of collections of divisors
which do not intersect because they do not lie in the same come forms a further characteristic
quantity of a toric variety, the Stanley–Reisner ideal. It contains the same information as the
exceptional set FΣ. Intersection numbers for triple intersections of the form D2i Dj or E
3
k can
be obtained by making use of the linear equivalences between the divisors. Since we are
working here with non–compact varieties at least one compact divisor has to be involved. For
intersections in compact varieties there is no such condition. The intersection ring of a toric
variety is – up to a global normalization – completely determined by the linear relations and
the Stanley–Reisner ideal. The normalization is fixed by one intersection number of three
distinct divisors.
The matrix elements of Q are the intersection numbers between the curves Ci and the divi-
sors Di, Ei. We can use this to determine how the compact curves of our blown–up geometry
are related to the Ci.
Example A.1: C3/Z6−I
For this example, the method of working out the Mori generators is shown step by step. We give
the pairs, the sets Sl ∪ Sk (the points underlined are those who have to have positive coefficients)
and the linear relations:
1. S6 ∪ S3 = {D1, D2, D3, E1}, D1 + D2 + 4 D3 − 6 E1 = 0,
2. S5 ∪ S2 = {D1, D2, E1, E2}, D1 + D2 + 2 E1 − 4 E2 = 0,
3. S4 ∪ S1 = {D1, D2, E2, E3}, D1 + D2 − 2 E3 = 0,
4. S3 ∪ S2 = {D1, D3, E1, E2}, D3 − 2 E1 + E2 = 0,
5. S2 ∪ S1 = {D1, E1, E2, E3}, E1 − 2 E2 + E3 = 0,
6. S6 ∪ S5 = {D2, D3, E1, E2}, D3 − 2 E1 + E2 = 0,
7. S5 ∪ S4 = {D2, E1, E2, E3}, E1 − 2 E2 + E3 = 0. (2.28)
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Curve D1 D2 D3 E1 E2 E3
E1 · E2 1 1 0 2 -4 0
E2 · E3 1 1 0 0 0 -2
D1 · E1 0 0 1 -2 1 0
D1 · E2 0 0 0 1 -2 1
D2 · E1 0 0 1 -2 1 0
D2 · E2 0 0 0 1 -2 1
D3 · E1 1 1 4 -6 0 0
Table 2.1: Triple intersection numbers of the blow–up of Z6−I I
With the relations 3, 4 and 5 all other relations can be expressed as a positive integer linear
combination. This leads to the following three Mori generators:
C1 = {0, 0, 0, 1,−2, 1}, C2 = {1, 1, 0, 0, 0,−2}, C3 = {0, 0, 1,−2, 1, 0}. (2.29)
With this, we are ready to write down (P |Q):
(P |Q) =

D1 1 −2 1 | 0 1 0
D2 −1 −2 1 | 0 1 0
D3 0 1 1 | 0 0 1
E1 0 0 1 | 1 0 −2
E2 0 −1 1 | −2 0 1
E3 0 −2 1 | 1 −2 0
 . (2.30)
From the rows of Q, we can read off directly the linear equivalences:
D1 ∼ D2, E2 ∼ −2 E1 − 3 D3, E3 ∼ E1 − 2 D1 + 2 D3 . (2.31)
The matrix elements of Q contain the intersection numbers of the Ci with the D1, E1, e.g. E1 ·
C3 = −2, D3 · C1 = 0, etc. We know that E1 · E3 = 0. From the linear equivalences between the
divisors, we find the following relations between the curves Ci and the seven compact curves of
our geometry:
C1 = D1 · E2 = D2 · E2, (2.32a)
C2 = E2 · E3, (2.32b)
C3 = D1 · E1 = D2 · E1, (2.32c)
E1 · E2 = 2 C1 + C2, (2.32d)
D3 · E1 = 2 C1 + C2 + 4 C3. (2.32e)
From these relations and (P |Q), we can get all triple intersection numbers, e.g.
E21E2 = E1E2E3 + 2 D1E1E2 − 2 D3E1E2 = 2 . (2.33)
Table 2.1 gives the intersections of all compact curves with the divisors.
Using the linear equivalences, we can also find the triple self–intersections of the compact
exceptional divisors:
E31 = E
3
2 = 8 . (2.34)
From the intersection numbers in Q, we find that {E1 + 2 D3, D2, D3} form a basis of the Kähler
cone which is dual to the basis {C1, C2, C3} of the Mori cone.
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(a) fan of the Hirzebruch surface
Fn
(b) fan of dP0 = P2 (c) fan of P1 ×P1 = F0
(d) fan of dP1 = Bl1P2 (e) fan of dP2 = Bl2P2 (f) fan of dP3 = Bl3P2
Figure 2.5: Fans of Fn and the toric del Pezzo surfaces
2.4 Divisor topologies
There are two types of exceptional divisors: The compact divisors, whose corresponding
points lie in the interior of the toric diagram, and the semi–compact ones whose points sit
on the boundary of the toric diagram. The latter case corresponds to the two–dimensional
situation with an extra non–compact direction, hence it has the topology of C × P1 with
possibly some blow–ups. The D–divisors are non–compact and of the form C2.
We first discuss the compact divisors. For this purpose we use the notion of the star of
a cone σ, in terms of which the topology of the corresponding divisor is determined. The
star, denoted Star(σ) is the set of all cones τ in the fan Σ containing σ. This means that we
simply remove from the fan Σ all cones, i.e. points and lines in the toric diagram, which do
not contain wi. The diagram of the star is not necessarily convex anymore. Then we compute
the linear relations and the Mori cone for the star. This means in particular that we drop all
the simplices Sk in the induced triangulation of the star which do not lie in its toric diagram.
As a consequence, certain linear relations of the full diagram will be removed in the process
of determining the Mori cone. The generators of the Mori cone of the star will in general be
different from those of Σ. Once we have obtained the Mori cone of the star, we can rely on
the classification of compact toric surfaces.
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Digression: Classification of compact toric surfaces
Any toric surface is either a P2, a Hirzebruch surface Fn, or a toric blow–up
thereof. The simplest possible surface is obviously P2. Each surface, which
is birationally equivalent to P2 is called a rational surface.
Hirzebruch surfaces
A Hirzebrucha surface Fn is a special case of a ruled surface S, which admits
a fibration
pi : S→ C,
C a smooth curve and the generic fiber of pi being isomorphic to P1. A
Hirzebruch surface is a fibration of P1 over P1 and is of the form Fn =
P(OP1 ⊕OP1(n)).
del Pezzo surfaces
A del Pezzob surface is a two–dimensional Fano variety, i.e. a variety whose
anticanonical bundle is amplec.
In total, there exist 10 of them: dP0 = P2, P1 ×P1 = F0 and blow–ups of
P2 in up to 8 points,
BlnP2 = dPn.
Five of them are realized as toric surfaces, namely F0 and dPn, n = 0, ..., 3.
The fans are given in Figure 2.5. In Figure 2.5.a, the fan of Fn is shown.
aFriedrich E.P. Hirzebruch (*1927), German mathematician
bPasquale del Pezzo (1859-1936), Neapolitan mathematician
cA line bundle L is very ample, if it has enough sections to embed its base manifold into
projective space. L is ample, if a tensor power L⊗n of L is very ample.
The generator of the Mori cone of P2 has the form
QT =
( −3 1 1 1 ) . (2.35)
For Fn, the generators take the form
QT =
( −2 1 1 0 0
−n− 2 0 n 1 1
)
or QT =
( −2 1 1 0 0
n− 2 0 −n 1 1
)
(2.36)
since F−n is isomorphic to Fn. Finally, every toric blow–up of a point adds an additional
independent relation whose form is
QT =
(
0 ... 0 1 1 −2 ) . (2.37)
We will denote the blow–up of a surface S in n points by BlnS. The toric variety XΣ is
three dimensional, which means in particular that the stars are in fact cones over a polygon.
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An additional possibility for a toric blow–up is adding a point to the polygon such that the
corresponding relation is of the form
QT =
(
0 ... 0 1 1 −1 −1 ) . (2.38)
This corresponds to adding a cone over a lozenge and is well–known from the resolution of
the conifold singularity.
Also the semi–compact exceptional divisors can be dealt with using the star. Since the
geometry is effectively reduced by one dimension, the only compact toric manifold in one
dimension is P1 and the corresponding generator is
QT =
( −2 1 1 0 ) , (2.39)
where the 0 corresponds to the non–compact factor C.
Example A.1: C3/Z6−I
We now determine the topology of the exceptional divisors for our example C3/Z6−I . As ex-
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Figure 2.6: The stars of the exceptional divisors E1, E2, and E3, respectively.
plained above, we need to look at the respective stars which are displayed in Figure 2.6. In order
to determine the Mori generators for the star of E1, we have to drop the cones involving E3 which
are S1 and S4. From the seven relations in (2.28) only four remain, those corresponding to C3,
2 C1 + C2 and 2 C1 + C2 + 4 C3. These are generated by
2 C1 + C2 = (1, 1, 0, 2,−4, 0) and (2.40)
C3 = (0, 0, 1,−2, 1, 0), (2.41)
which are the Mori generators of F4. Similarly, for the star of E2 only the relations not involving
S3 and S6 remain. These are generated by C1 and C2, and using (2.29) we recognize them to
be the Mori generators of F2. Finally, the star of E3 has only the relation corresponding to C3.
Hence, the topology of E3 is P1 ×C, as it should be, since the point sits on the boundary of the
toric diagram of XΣ and no extra exceptional curves end on it.
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2.5 Literature
For a first acquaintance with toric geometry, Chapter 7 of [3] is well suited. Also [4] contains
a very readable introduction. The classical references on toric geometry are the books by
Fulton [5] and Oda [6]. Unfortunately, they are both not very accessible to the physicist. The
reference for general techniques in algebraic geometry is [7].
A number of reviews of topological string theory briefly introduce toric geometry, such as
[8, 9], but from a different point of view.
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Lecture 3
Application: Desingularizing toroidal
orbifolds
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In this lecture, I will discuss the desingularization of toroidal orbifolds employing the
methods treated so far. First, I explain how to glue together the resolved toric patches to
obtain a smooth Calabi–Yau manifold from the singular orbifold quotient T6/Γ. Next, the
divisors inherited directly from the covering space T6 are discussed. In the following section,
the full intersection ring of the smooth manifold is calculated, and lastly, the topologies of the
appearing divisor classes are determined.
3.1 Gluing the patches
In the easy cases, say in the prime orbifoldsZ3 andZ7, it is obvious how the smooth manifold
is obtained: Just put one resolved patch in the location of every fixed point and you are
finished. Since these patches only have internal points, the corresponding exceptional divisors
are compact, hence cannot see each other, and no complications arise from gluing.
Fixed lines which do not intersect any other fixed lines and on top of which no fixed points
sit also pose no problem.
But what happens, when we have fixed lines on top of which fixed points are sitting? As
discussed in Section 2.2, such a fixed point already knows it sits on a fixed line, since on the
edge of the toric diagram of its resolution is the number of exceptional divisors appropriate to
the fixed line the point sits on top of. Internal exceptional divisors are unproblematic in this
case as well, since they do not feel the global surrounding. The exceptional divisors on the
edges are identified or glued together with those of the corresponding resolved fixed lines.
The larger the order of the group, the more often it happens that a point or line is fixed
under several group elements. How are we to know which of the patches we should use?
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In the case of fixed lines answer is: use the patch that belongs to the generator of the
largest subgroup under which the patch is fixed, because the line is fixed under the whole
sub-group and its exceptional divisors already count the contributions from the other group
elements. For fixed points, the question is a little more tricky. One possibility is to count the
number of group elements this point is fixed under, not counting anti–twists and elements
that generate fixed lines. Then choose the patch with the matching number of interior points.
The other possibility is to rely on the schematic picture of the fixed set configuration and
choose the patch according to the fixed lines the fixed point sits on. Isolated fixed points
correspond to toric diagrams with only internal, compact exceptional divisors. When the
fixed point sits on a fixed line of order k, its toric diagram has k− 1 exceptional divisors on
one of its boundaries. If the fixed point sits at the intersection of two (three) fixed lines, it has
the appropriate number of exceptional divisors on two (three) of its boundaries. The right
number of interior points together with the right number of exceptional divisors sitting on
the edges uniquely determines the correct patch.
Even though the intersection points of three Z2 fixed lines are not fixed under a single
group element, they must be resolved. The resolution of such a point is the resolution of
C3/Z2 ×Z2 and its toric diagram is indeed the only one without interior points, see Fig-
ure 3.1.
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Figure 3.1: Toric diagram of resolution of C3/Z2 ×Z2 and dual graph
Interestingly, the case of three intersecting Z2 fixed lines is the only instance of intersect-
ing fixed lines where the intersection point itself is not fixed under a single group element.
This case arises only for Zn ×Zm orbifolds with both n and m even.
Example A: Z6−I on G22 × SU(3)
This example is rather straightforward. We must again use the data of Table 1.5 and the
schematic picture of the fixed set configuration 1.2. Furthermore, we need the resolved patches of
C3/Z6−I (see Section 2.2, in particular Figure 2.3), C3/Z3 (see Figure 3.2), and the resolution
of the Z2 fixed line. The three Z6–patches contribute two exceptional divisors each: E1,γ, and
E2,1,γ, where γ = 1, 2, 3 labels the patches in the z3–direction. The exceptional divisor E3 on the
edge is identified with the one of the resolved fixed line the patch sits upon, as we will see. There
are furthermore 15 conjugacy classes of Z3 fixed points. Blowing them up leads to a contribution
of one exceptional divisor as can be seen from Figure 3.2. Since three of these fixed points sit
at the location of the Z6−I fixed points which we have already taken into account (E2,1,γ), we
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Figure 3.2: Toric diagram of the resolution of C3/Z3
only count 12 of them, and denote the resulting divisors by E2,µ,γ, µ = 2, . . . , 5, γ = 1, 2, 3. The
invariant divisors are built according to the conjugacy classes, e.g.
E2,2,γ = E˜2,1,2,γ + E˜2,1,3,γ , (3.1)
etc., where E˜2,α,β,γ are the representatives on the cover. Finally, there are 6 conjugacy classes
of fixed lines of the form C2/Z2. We see that after the resolution, each class contributes one
exceptional divisor E3,α, α = 1, 2. On the fixed line at z1fixed,1 = z
2
fixed,1 = 0 sit the three Z6−I
fixed points. The divisor coming from the blow–up of this fixed line, E3,1, is identified with the
three exceptional divisors corresponding to the points on the boundary of the toric diagram of the
resolution of C3/Z6−I that we mentioned above. In total, this adds up to
h1,1twisted = 3 · 2+ 12 · 1+ 6 · 1 = 24 (3.2)
exceptional divisors, which is the number which is given for h(1,1)twisted in Table 1.3.
Example C: T6/Z6 ×Z6
This, being the point group of largest order, is the most tedious of all examples. It is presented
here to show that the procedure is not so tedious after all.
First, the fixed sets must be identified. Table 3.1 summarizes the results. Figure 3.3 shows
the schematic picture of the fixed set configuration. Again, it is the covering space that is shown,
the representatives of the equivalence classes are highlighted.
Now we are ready to glue the patches together. Figure 3.4 schematically shows all the patches
that will be needed in this example. It is easiest to first look at the fixed lines. There are three Z6
fixed lines, each contributing five exceptional divisors. Then there are twelve equivalence classes
of Z3 fixed lines, three of which coincide with the Z6 fixed lines. The latter need not be counted,
since they are already contained in the divisor count of the Z6 fixed lines. The Z3 fixed lines
each contribute two exceptional divisors. Furthermore, there are twelve equivalence classes of Z2
fixed lines, three of which again coincide with theZ6 fixed lines. They give rise to one exceptional
divisor each. From the fixed lines originate in total
h1,1lines = 3 · 5+ (12− 3) · 2+ (12− 3) · 1 = 42 (3.3)
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Figure 3.3: Schematic picture of the fixed set configuration of Z6 ×Z6
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Group el. Order Fixed Set Conj. Classes
θ1 6 1 fixed line 1
(θ1)2 3 9 fixed lines 4
(θ1)3 2 16 fixed lines 4
θ2 6 1 fixed line 1
(θ2)2 3 9 fixed lines 4
(θ2)3 2 16 fixed lines 4
θ1θ2 6× 6 3 fixed points 2
θ1(θ2)2 6× 3 12 fixed points 4
θ1(θ2)3 6× 2 12 fixed points 4
θ1(θ2)4 6× 6 3 fixed points 2
θ1(θ2)5 6 1 fixed line 1
(θ1)2θ2 3× 6 12 fixed points 4
(θ1)3θ2 2× 6 12 fixed points 4
(θ1)4θ2 6× 6 3 fixed points 2
(θ1)2(θ2)2 3× 3 27 fixed points 9
(θ1)2(θ2)3 3× 2 12 fixed points 4
(θ1)2(θ2)4 3 9 fixed lines 4
(θ1)3(θ2)2 2× 3 12 fixed points 4
(θ1)3(θ2)3 2 16 fixed lines 4
Table 3.1: Fixed point set for Z6 ×Z6.
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3
2 2
C  /Z  x Z
3
2 6
C  /Z  x Z
3
6 6C  /Z  x Z
3
3 6
Figure 3.4: Toric diagrams of patches for T6/Z6 ×Z6
exceptional divisors.
Now we study the fixed points. We associate the patches to the fixed points according to the
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intersection of fixed lines on which they sit. The exceptional divisors on the boundaries of their
toric diagrams are identified with the divisors of the respective fixed lines. There is but one fixed
point on the intersection of threeZ6 fixed lines. It is replaced by the resolution of the C2/Z6×Z6
patch, which contributes ten compact internal exceptional divisors. There are three equivalence
classes of fixed points on the intersections of one Z6 fixed line and two Z3 fixed lines. They are
replaced by the resolutions of the C2/Z3 ×Z6 patch, which contribute four compact exceptional
divisors each. Then, there are five equivalence classes of fixed points on the intersections of three
Z3 fixed lines. They are replaced by the resolutions of the C2/Z3 ×Z3 patch, which contribute
one compact exceptional divisor each. Furthermore, there are three equivalence classes of fixed
points on the intersections of one Z6 fixed line and two Z2 fixed lines. They are replaced by the
resolutions of the C2/Z2 ×Z6 patch, which contribute two compact exceptional divisors each.
The rest of the fixed points sit on the intersections of one Z2 and one Z3 fixed line. There are
six equivalence classes of them. They are replaced by the resolutions of the C2/Z2 ×Z3 patch,
which is the same as the C2/Z6−I I patch, which contribute one compact exceptional divisor each.
On the intersections of three Z2 fixed lines sit resolved C2/Z2 ×Z2 patches, but since this patch
has no internal points, it does not contribute any exceptional divisors which were not already
counted by the fixed lines. The fixed points therefore yield
h1,1pts = 1 · 10+ 3 · 4+ 5 · 1+ 3 · 2+ 6 · 1 = 39 (3.4)
exceptional divisors. From fixed lines and fixed points together we arrive at
h1,1twisted = 42+ 39 = 81 (3.5)
exceptional divisors.
3.2 The inherited divisors
So far, we have mainly spoken about the exceptional divisors which arise from the blow–ups
of the singularities. In the local patches, the other natural set of divisors are the D–divisors,
which descend from the local coordinates z˜i of the C3–patch. On the compact space, i.e. the
resolution of T6/Γ, the Ds are not the natural quantities anymore. The natural quantities
are the divisors Ri which descend from the covering space T6 and are dual to the untwisted
(1, 1)–forms of the orbifold. The three forms
dzi ∧ dzi, i = 1, 2, 3 (3.6)
are invariant under all twists. For each pair ni = nj in the twist (1.15), the forms
dzi ∧ dzj and dzj ∧ dzi (3.7)
are invariant as well.
The inherited divisors Ri together with the exceptional divisors Ek,α,β,γ form a basis for the
divisor classes of the resolved orbifold.
The D–divisors, which in the local patches are defined by z˜i = 0 are in the compact
manifold defined by
Diα = {zi = zifixed,α}, (3.8)
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where α runs over the fixed loci in the ith direction. Therefore, they correspond to planes
localized at the fixed points in the compact geometry.
The three "diagonal" Ri dual to dzi ∧ dzi, i = 1, 2, 3 correspond to fixed planes parallel to
the Ds which can sit everywhere except at the loci of the fixed points. They are defined as
Ri = {zi = c 6= zifixed,α} (3.9)
and are "sliding" divisors in the sense that they can move away from the fixed point. c cor-
responds to their position modulus. We need, however, to pay attention whether we use the
local coordinates z˜i near the fixed point on the orbifold or the local coordinates zi on the
cover. Locally, the map is z˜i =
(
zi
)ni , where ni is the order of the group element that fixes the
plane Di. On the orbifold, the Ri , i = 1, 2, 3 are defined as
Ri = {z˜i = cni}, c 6= zifixed,α. (3.10)
On the cover, they lift to a union of ni divisors
Ri =
ni⋃
k=1
{zi = εkc} with εni = 1 . (3.11)
z2
z
z
1
3
D1,1 D2,1
D3,1
R1
R2
R3
Figure 3.5: Schematic picture of D- and R-divisors
Figure 3.5 shows the schematic representation of three of the D divisors and the three
diagonal inherited divisors Ri. The figure shows the fixed set of Z6−I I on SU(2)× SU(6), but
this is not essential.
To relate the Ri to the Di, consider the local toric patch before blowing up. The fixed point
lies at c = zifixed,α and in the limit as c approaches this point we find
Ri ∼ ni Di . (3.12)
34
This expresses the fact that the polynomial defining Ri on the cover has a zero of order ni
on Di at the fixed point. In the local toric patch Ri ∼ 0, hence ni Di ∼ 0. After blowing up,
Ri and ni Di differ by the exceptional divisors Ek which appear in the process of resolution.
The difference is expressed precisely by the linear relation in the ith direction (2.7) of the
resolved toric variety XΣ˜ and takes the form
Ri ∼ ni Di +∑
k
Ek. (3.13)
This relation is independent from the chosen triangulation. Since such a relation holds for
every fixed point zifixed,α, we add the label α which denotes the different fixed sets in the i–
direction. Furthermore, we have to sum over all fixed sets which lie in the respective fixed
plane Di,α:
Ri ∼ ni Di,α +∑
k,β
Ekαβ for all α and all i, (3.14)
where ni is the order of the group element that fixes the plane Di,α. The precise form of the
sum over the exceptional divisors depends on the singularities involved.
In general, an orbifold of the form T6/G has local singularities of the form Cm/H, where
H is some subgroup of index p = [G : H] in G. If H is a strict subgroup of G, the above
discussion applies in exactly the same way and yields relations (3.13) for divisors R′i with
vanishing orders n′i. In the end, however, it must be taken into account that H is a subgroup,
which means that the relations for the R′i with the action of H must be embedded into those
involving the Ri with the action of G. The R′i are related to the Ri by
Ri =
|G|
|H|R
′
i = p R
′
i. (3.15)
When a set is fixed only under a strict subgroup H ⊂ G, its elements are mapped into
each other by the generator of the normal subgroup G/H. Therefore, the equivalence classes
of invariant divisors must be considered. They are represented by S = ∑α S˜α, where S˜α stands
for any divisor D˜iα or E˜kαβ on the cover and the sum runs over the p elements of the coset
G/H. In this case, we can add up the corresponding relations:
∑
α
R′i ∼ n′i∑
α
D˜iα +∑
k,β
∑
α
E˜kαβ . (3.16)
The left hand side is equal to p R′i = Ri, therefore
Ri ∼ n′iDi +∑
k,β
Ekβ , (3.17)
which is the same as the relation for R′i.
Something special happens if ni = nj = n for i 6= j. In this situation, there are additional
divisors on the cover,
Rij =
n⋃
k=1
{zi + εkzj = εk+k0 cij} (3.18)
for some integer k0 and some constant cij, which descend to divisors on the orbifold. We have
εn = 1 for even n, and ε2n = 1 for odd n. Since the natural basis for H2(T6) are the forms
hi ¯ (see the previous subsection), we have to combine the various components of the Rij in a
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particular way in order to obtain divisors Ri ¯ which are Poincaré dual to these forms. If we
define the variables
zij± = z
i ± zj, z′±ij = zi ± εzj, (3.19)
zijk = z
i + εkzj, (3.20)
then
Ri ¯ = {zij+ + z¯ij− = cij} ∪ {zij+ − z¯ij− = cij} ∪ {z′+ij + z¯′−ij = cij} ∪ {z′+ij − z¯′−ij = cij}. (3.21)
These divisors again satisfy linear relations of the form (3.14):
Ri ¯ ∼ nDi ¯α + ∑
k,β,γ
Ekαβγ. (3.22)
Example A: Z6−I on G22 × SU(3)
This example combines several complications: More than three inherited exceptional divisors,
several kinds of local patches for the fixed points, and fixed sets which are in orbits with length
greater than one.
The D–planes are D˜1,α = {z1 = z1fixed,α}, α = 1, . . . , 6, D˜2,β = {z2 = z2fixed,β}, β = 1, ..., 6,
and D˜3,γ = {z3 = z3fixed,γ}, γ = 1, 2, 3 on the cover. From these, we define the invariant
combinations
D1,1 = D˜1,1, D1,2 = D˜1,2 + D˜1,4 + D˜1,6, D1,3 = D˜1,3 + D˜1,5,
D2,1 = D˜2,1, D2,2 = D˜2,2 + D˜2,4 + D˜2,6, D2,3 = D˜2,3 + D˜2,5,
D3,γ = D˜3,γ.
Now, we will construct the global linear relations (3.14). For this, we need the local equiva-
lence relations in homology, determined in the toric patches. For the Z6−I–patches, we have
(rearranged such, that only one D appears in each relation)
0 ∼ 6 D1 + 2 E2 + E1 + 3 E3,
0 ∼ 6 D2 + 2 E2 + E1 + 3 E3,
0 ∼ 3 D3 + E2 + 2 E1. (3.23)
For the Z3–patches, we have
0 ∼ 3 Di + E, i = 1, . . . , 3. (3.24)
The divisor E is conceptually the same as E2 in the Z6−I–patch, which also stems from the Z3–
element, thus we will label it as E2 in the following. To embed relation (3.24) into the global
relations, we must multiply it by two, since Z3 has index two in Z6−I . The local relation for the
resolved Z2 fixed line is
0 ∼ 2 D1 + E3, (3.25)
where the exceptional divisor obviously corresponds to E3 in the Z6−I–patch. This relation will
have to be multiplied by three for the global case.
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The D1,1–plane contains three equivalence classes of Z6−I–patches, three equivalence classes
ofZ3–patches, and two equivalence classes ofZ2–fixed lines. The global relation is thus obtained
from the local relations above:
R1 ∼ 6 D1,1 +
3
∑
γ=1
E1,γ + 2
2
∑
µ=1
3
∑
γ=1
E2,µ,γ + 3 ∑
ν=1,2
E3,ν. (3.26)
The divisor D1,2 only contains two equivalence classes of Z2 fixed lines:
R1 ∼ 2 D1,2 +
6
∑
ν=3
E3,ν. (3.27)
Next, we look at the divisor D1,3, which only contains Z3 fixed points. The local linear equiva-
lences (3.24) together with (3.17) lead to
R1 ∼ 3 D1,3 +
5
∑
µ=3
3
∑
γ=1
E2,µ,γ. (3.28)
The linear relations for D2,β are the same as those for D1,α:
R2 ∼ 6 D2,1 +
3
∑
γ=1
E1,γ + 2 ∑
µ=1,3
3
∑
γ=1
E2,µ,γ + 3 ∑
ν=1,3
E3,ν,
R2 ∼ 2 D2,2 + ∑
ν=2,4,5,6
E3,ν,
R2 ∼ 3 D2,3 + ∑
µ=2,4,5
3
∑
γ=1
E2,µ,γ. (3.29)
Finally, the relations for D3,γ are again obtained from (3.23):
R3 ∼ 3 D3,γ + 2 E1,γ +
5
∑
µ=1
E2,µ,γ γ = 1, . . . , 3. (3.30)
3.3 The intersection ring
Here, I discuss the method of calculating the intersection ring of the resolved toroidal orbifold.
We proceed analogously to the construction in Section 2.3 for the local patches. Recall that
first, the intersection numbers between three distinct divisors were determined, and then the
linear relations were used to compute all the remaining intersection numbers. In the global
situation we proceed in the same way.
With the local and global linear relations worked out in the last section at our disposal,
we can determine the intersection ring as follows. First we compute the intersection numbers
including the Ri between distinct divisors. Then, we make use of the schematic picture of the
fixed set configuration, see Section 1.2.3, from which we can read off which of the divisors
coming from different fixed sets never intersect. With the necessary input of all intersection
numbers with three different divisors, all other intersection numbers can be determined by
using the global linear equivalences (3.14).
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The intersections between distinct divisors Diα and Ekαβγ are those computed in the local
patch, see Section 2.3. The intersections between Rj and Diα are easily obtained from their
defining polynomials on the cover. The intersection number between R1, R2, and R3 is simply
the number of solutions to
{
(
z˜1
)n1
= cn11 ,
(
z˜2
)n2 = cn22 , (z˜3)n3 = cn33 } , (3.31)
which is n1n2n3. Taking into account that we calculated this on the cover, we need to divide
by |G| in order to get the result on the orbifold. Similarly, the divisors Diα are defined by
linear equations in the z˜i, hence we set the corresponding ni to 1. Therefore,
R1R2R3 =
1
|G|n1n2n3 RiRjDkα =
1
|G|ninj RiDjαDkβ =
ni
|G| (3.32)
for i, j, k pairwise distinct, and all α and β. Furthermore, Ri and Diα never intersect by
definition. The only remaining intersection numbers involving both Rj and Diα are of the form
RjDiαEkαβγ. They vanish if Diα and Ekαβγ do not intersect in the local toric patch, otherwise
they are 1. Finally, there are the intersections between Ri and the exceptional divisors. If the
exceptional divisor lies in the interior of the toric diagram or on the boundary adjacent to
Diα, it cannot intersect Ri. Also, RiRjEkαβγ = 0. The above can also be seen directly from a
schematic picture such as Figure 3.5, combined with the toric diagrams of the local patches.
Using this procedure it is also straightforward to compute the intersection numbers in-
volving the divisors Ri ¯ and Di ¯. From the defining polynomials in (3.21) we find that the
only non–vanishing intersection numbers are
Ri ¯Rjı¯Rk = − 1|G|n
2
i nk, Di ¯αRjı¯Rk = −
1
|G|nink, Ri ¯Rjı¯Dkα = −
1
|G|n
2
i ,
Di ¯αDjı¯βRk = − 1|G|nk, Di ¯αRjı¯Dkβ = −
1
|G|ni, Di ¯αDjı¯βDkγ = −
1
|G| ,
Ri ¯Rjk¯Rkı¯ =
1
|G|n
3
i , Ri ¯Rjk¯Dkı¯α =
1
|G|n
2
i , Ri ¯Djk¯αDkı¯β =
1
|G|ni,
Di ¯αDjk¯βDkı¯γ =
1
|G| , (3.33)
for i, j, k pairwise distinct, and all α, β, and γ. The negative signs come from carefully taking
into account the orientation reversal due to complex conjugation.
Using the linear relations (3.14) which take the general form
∑
a
nsSa = 0 , (3.34)
we can construct a system of equations for the remaining intersection numbers involving two
equal divisors Saab and three equal divisors Saaa by multiplying the linear relations by all
possible products SbSc. This yields a highly overdetermined system of equations
∑
a
naSabc = 0, (3.35)
whose solution determines all the remaining intersection numbers. Since there are as many
relations as global D divisors, it is possible to eliminate the Ds completely.
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The intersection ring can also be determined without solving the system of equations
(3.35). All that is needed are the intersection numbers obtained from the compactified local
patches and the configuration of the fixed sets. If such a patch has no exceptional divisors on
the boundary of the uncompactified toric diagram, the intersection numbers of these excep-
tional divisors remain unchanged in the global setting. If the intersection number involves
exceptional divisors on the boundary of the toric diagram, the local intersection number must
be multiplied with the number of patches which sit on the fixed line to which the exceptional
divisor belongs.
Example A: Z6−I on G22 × SU(3)
After the preparations of Section 3.2, we are ready to compute the intersection ring for this
example. With n1 = n1 = 6, n3 = 3 and |G| = 6, we obtain the following intersection numbers
between three distinct divisors:
R1R2R3 = 18, R1R2D3 = 6, R1R3D2 = 3, R1D2D3 = 1,
R2R3D1 = 3, R2D1D3 = 1, R3D1E3 = 1, R3D2E3 = 1,
D1E1D3 = 1, D1E1E2 = 1, D1E2E3 = 1, D2D3E1 = 1.
D2E1E2 = 1, D2E2E3 = 1, (3.36)
Now, we add the labels α, β,γ of the fixed points to the divisors: Di → Diα, E1 → E1γ, E2 →
E2αβγ, E3 → E3α, and set α = 1, β = 1,γ = 1, 2, 3.
The global information comes from the linear relations and the examination of Figure 1.2
to determine those pairs of divisors which never intersect. Solving the resulting overdetermined
system of linear equations then yields the intersection ring of X in the basis {Ri, Ekαβγ}:
R1R2R3 = 18, R3E23,1 = −2, R3E23,ν = −6, E31,γ = 8,
E21,γE2,1,γ = 2, E1,γE
2
2,1,γ = −4, E32,1γ = 8, E32,µ,γ = 9,
E2,1,γE23,1 = −2, E33,1 = 8, (3.37)
for µ = 2, . . . , 5, ν = 2, . . . , 6, γ = 1, 2, 3.
3.4 Divisor topologies for the compact manifold
In Section 2.4, the topology of the compact factors of the exceptional divisors was determined
in the setting of the local non–compact patches. Here, we discuss the divisor topologies in the
compact geometry of the resolved toroidal orbifolds, i.e. in particular the topologies of the
formerly non–compact C–factor of the semi–compact exceptional divisors and the topologies
of the D–divisors about which we could not say anything in the local toric setting.
For both the exceptional divisors and the D–divisors, we have to distinguish two cases:
a) The divisors belongs to a fixed set which is alone in its equivalence class
b) The divisors belongs to a fixed set which is in an equivalence class with p elements.
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Topologies of the exceptional divisors
The topology of the exceptional divisors depends on the structure of the fixed point set they
originate from. The following three situations can occur:
E1) Fixed points
E2) Fixed lines without fixed points
E3) Fixed lines with fixed points on top of them
We first discuss the case a). The topology of the divisors in case E1) has already been discussed
in great detail in Section 2.4. The local topology the divisors in the cases E2) and E3) has
also been discussed in that section, and found to be (a blow–up of) C×P1. The C factor is
the local description of the T2/Zk curve on which there were the C2/Zm singularities whose
resolution yielded the P1 factor.
For the determination of the topology of the resolved curves, it is necessary to know
the topology of T2/Zk. This can be determined from the action of Zk on the respective
fundamental domains. For k = 2, there are four fixed points at
0, 1/2, τ/2, and (1+ τ)/2 (3.38)
for arbitrary τ. The fundamental domain for the quotient can be taken to be the rhombus
[0, τ, τ + 1/2, 1/2] and the periodicity folds it along the line [τ/2, (1 + τ)/2]. Hence, the
topology of T2/Z2 without its singularities is that of a P1 minus 4 points.
For k = 3, 4, 6 the value of τ is fixed to be i, exp( 2pii3 ), exp(
2pii
6 ), respectively, and the
fundamental domains are shown in Figure 3.6.
Im(z)
Re(z)
e
2pii/6
Im(z)
Re(z)
e
2pii/6
Im(z)
Re(z)
i
Z
3
Z
4
Z
6
Figure 3.6: The fundamental domains of T2/Zk, k = 3, 4, 6. The dashed line indicates the
folding.
From this figure, we see that the topology of T2/Zk for k = 3, 4, 6 is that of a P1 minus 3,
2, 3 points, respectively.
E2) There are no further fixed points, so the blow–up procedure merely glues points into this
P1. The topology of such an exceptional divisor is therefore the one of F0 = P1 ×P1.
E3) The topology further depends on the fixed points lying on these fixed lines. This de-
pends on the choice of the root lattice for T6/G, and can therefore only be discussed
case by case.
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The general procedure consists of looking at the corresponding toric diagram. There will
always be an exceptional curve whose line ends in the point corresponding to the exceptional
divisor. This exceptional curve meets the P1 (minus some points) we have just discussed in
the missing points and therefore, the blow–up adds in the missing points. Any further lines
ending in that point of the toric diagram correspond to additional blow–ups, i.e. additional
P1s that are glued in at the missing points. Therefore, for each fixed point lying on the fixed
line and each additional line in the toric diagram there will be a blow–up of F0 = P1 ×P1.
In case b), i.e. if there are p elements in the equivalence class of the fixed line, the topol-
ogy is quite different for the case E2). This is because the p different T2/Zk’s are mapped into
each other by the corresponding generator in such a way that the different singular points are
permuted. When the invariant combinations are constructed by summing over all represen-
tatives, the singularities disappear and we are left with a T2. Hence, in the case E2) without
fixed points, the topology of E = ∑kα=1 E˜α is P1 × T2.
Topologies of the D–divisors
Similarly, the topology of the divisors Diα depends on the structure of the fixed point sets
lying in the divisor. We again treat first case a). Recall that the D–divisors are defined by
Diα = {zi = zifixed,α}. The orbifold group G acts on these divisors by
(zj, zk)→ (εnj zj, εnk zk) for (zj, zk) ∈ Diα and j 6= i 6= k . (3.39)
Since nj + nk = n− ni < n, the resolved space will not be a Calabi–Yau manifold anymore,
but a rational surface. This happens because for resolutions of this type of action, the canon-
ical class cannot be preserved. (In more mathematical terms, the resolution is not crepant.)
In order to determine the topology, we will use a simplicial cell decomposition, remove the
singular sets, glue in the smoothening spaces, i.e. perform the blow–ups, and use the addi-
tivity of the Euler number. This has to be done case by case. If, in particular, the fixed point
set contains points, there will be a blow–up for each fixed point and for each line in the toric
diagram of the fixed point which ends in the point corresponding to Di. Another possibility
is to apply the techniques of toric geometry given in Section 2.2 to singularities of the form
C2/Zn for which n1 + n2 6= n.
In case b), the basic topology again changes to P1 × T2.
Note that when embedding the divisor D into a (Calabi–Yau) manifold X in general,
not all the divisor classes of D are realized as classes in X. In the case of resolved torus
orbifolds, this happens because the underlying lattice of D is not necessarily a sublattice of
the underlying lattice of X. This means that the fixed point set of D as a T4–orbifold can be
larger than the restriction of the fixed point set of the T6–orbifold to D. In order to determine
the topology of D, we have to work with the larger fixed point set of D as a T4–orbifold. It
turns out that there is always a lattice defining a T6–orbifold for which all divisor classes of
D are also realized in X. In fact, we observe that the topology of all those divisors which are
present in several different lattices is independent of the lattice.
Topologies of the inherited divisors
The divisors Ri contain by definition no component of the fixed point set. However, they
can intersect fixed lines in points. If there are no fixed lines piercing them, the action of the
orbifold group is free and their topology is that of a T4. Otherwise, the intersection points
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exceptional divisors and D–divisors inherited R–divisors
a) P2, Fn pierced by fixed lines: K3,
not pierced by fixed lines: T4b) P1 × T2
Table 3.2: Basic divisor topologies for resolved toroidal orbifolds
S χ(S) χ(OS) K2S h(1,0)(S)
P2 3 1 9 0
Fn 4 1 8 0
P1 × T2 0 0 0 1
T4 0 0 0 2
K3 24 2 0 0
(3.42)
Table 3.3: Characteristic quantities for the basic divisor topologies
have to be resolved in the same way as for the divisors Diα. In this case, the topology is always
that of a K3 surface.
Summary
Table 3.2 summarizes the basics topologies for the different divisors.
In Table 3.3, we collect χ(OS), χ(S), and K2S for the basic topologies, which are charac-
teristic quantities of a surface S and are often relevant to determine the physics of the model
in question. χ(OS) is the holomorphic Euler characteristic of S,
χ(OS) = 1− h(1,0)(S) + h(2,0)(S). (3.40)
χ(S) is the Euler number, and KS is the canonical divisor of S,
K2S = S
2 = c1(S)2 . (3.41)
The holomorphic Euler characteristic is a birational invariant, i.e. it does not change under
blow–ups. On the other hand, blowing up a surface adds a 2–cycle to it, hence increases the
Euler number χ(S) by 1.
Example A: Z6−I on G22 × SU(3)
Here, we discuss the topologies of the divisors of the resolution of T6/Z6−I on G22 × SU(3). The
topology of the compact exceptional divisors has been determined in Section 2.4: E1,γ = F4 and
E2,1,γ = F2. With the methods of toric geometry, we find the exceptional divisors coming from
the resolution of the Z3–patch, E2,µ,γ, µ = 2, . . . , 5, to have the topology of a P2. The divisor
E3,1 is of type E3) and has a single representative, hence the basic topology is that of a F0. There
are 3 Z6−I fixed points on it, but there is only a single line ending in E3 in the toric diagram
of Figure 2.3, which corresponds to the exceptional P1, therefore there are no further blow–ups.
The divisors E3,ν, ν = 2, . . . , 6 are all of type E2) with 3 representatives, hence their topology is
that of P1 × T2.
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The topology D2,1 is determined as follows: The fixed point set of the action 16 (1, 4) agrees
with the restriction of the fixed point set of T6/Z6−I to D2,1. The Euler number of D2,1 minus
the fixed point set is
(0− 4 · 0− 6 · 1)/6 = −1 . (3.43)
The procedure of blowing up the singularities glues in 3 P1 × T2s at the Z2 fixed lines which
does not change the Euler number. The last fixed line is replaced by a P1 × T2 minus 3 points,
upon which there is still a free Z3 action. Its Euler number is therefore (0− 3)/3 = −1. The 6
Z3 fixed points fall into 3 equivalence classes, furthermore we see from Figure 3.2 that there is
one line ending in D2. Hence, each of these classes is replaced by a P1, and the contribution to
the Euler number is 3 · 2 = 6. Finally, for the 3 Z6−I fixed points there are 2 lines ending in D2
in the toric diagram in Figure 2.3. At a single fixed point, the blow–up yields two P1s touching
in one point whose Euler number is 2 · 2− 1 = 3. Adding everything up, the Euler number of
D2,1 is
χD2,1 = −1+ 0− 1+ 6+ 3 · 3 = 13 , (3.44)
which can be viewed as the result of a blow–up of F0 in 9 points. The same discussion as above
also holds for D1,1, however, there are no Z2 fixed lines without fixed points. The topology of
each representative of D1,2 minus the fixed point set, viewed as a T4 orbifold, is that of a
T2 × (T2/Z2 \ {4 pts}) . (3.45)
The representatives are permuted under the residual Z3 action and the 12 points fall into 3
orbits of length 1 and 3 orbits of length 3. Hence, the topology of the class is still that of a
T2 × (T2/Z2 \ {4 pts}). After the blow–up it is therefore a P1 × T2. The divisor D2,2 has the
same structure as D1,2, therefore its topology is that of a P1 × T2. The topology of the divisors
D2,3 and D1,3 is the same as the topology of Diα in theZ3 orbifold. It can be viewed as a blow–up
of P2 in 12 points. Finally, there are the divisors D3γ. The action 16 (1, 1) on T
4 has 24 fixed
points, 1 of order 6, 15 of order 2, and 8 of order 3. The Z2 fixed points fall into 5 orbits of
length 3 under the Z3 element, and the Z3 fixed points fall into 4 orbits of length 2 under the
Z2 element. For each type of fixed point there is a single line ending in D3 in the corresponding
toric diagram, therefore the fixed points are all replaced by a P1. The Euler number therefore is
χD3,γ = (0− 24)/6+ (1+ 5+ 4) · 2 = 16 . (3.46)
Hence, D3,γ can be viewed as blow–up of F0 in 12 points.
The divisors R1 and R2 do not intersect any fixed lines lines, therefore they simply have the
topology of T4. The divisor R3 has the topology of a K3. In Table 3.4, we have summarized the
topologies of all the divisors.
E1γ E2,1γ E2µγ E3,1 E3,2 D1,1, D2,1 D1,2 D1,3, D2,2 D3,γ R1, R2 R3
F4 F2 P
2 F0 P
1 × T2 Bl9Fn P1 × T2 Bl12P2 Bl12Fn T4 K3
Table 3.4: The topology of the divisors.
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Another construction the string theorist is confronted with regularly, is the orientifold
quotient of some manifold X. We will introduce the orientifold quotient on the resolved
toroidal orbifolds discussed in the previous lecture.
4.1 Yet another quotient: The orientifold
At the orbifold point, the orientifold projection is Ω I6, where Ω is the worldsheet orientation
reversal and I6 is an involution on the compactification manifold. In type IIB string theory
with O3/O7–planes (instead of O5/O9), the holomorphic (3,0)–form Ω must transform as
Ω→ −Ω. Therefore we choose
I6 : (z1, z2, z3)→ (−z1,−z2,−z3). (4.1)
Geometrically, this involution corresponds to taking a Z2-quotient of the compactification
manifold, i.e.
B = X/I6 = (T6/G)/I6 . (4.2)
As long as we are at the orbifold point, all necessary information is encoded in (4.1). To
find the configuration of O3–planes, the fixed points under I6 must be identified. On the
covering space T6, I6 always gives rise to 64 fixed points, i.e. 64 O3–planes. Some of them
may be identified under the orbifold group G, such that there are less than 64 equivalence
classes on the quotient. Each Z2 subgroup of G (if any) gives rise to a stack of O7–planes.
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The O7–planes are found by identifying the fixed planes under the combined action of I6 and
the generators θZ2 of the Z2 subgroups of G. A point x belongs to a fixed set, if it fulfills
I6 θZ2 x = x + a, a ∈ Λ, (4.3)
where Λ is the torus lattice. Consequently, there are no O7–planes in the prime cases, one
stack e.g. for Z6−I and three in the case of e.g. Z2 ×Z6, which contains three Z2 subgroups.
The number of O7–planes per stack depends on the fixed points in the direction perpendicular
to the O–plane and therefore on the particulars of the specific torus lattice.
4.2 When the patches are not invariant: h(1,1)− 6= 0
Whenever G contains a subgroup H of odd order, some of the fixed point sets of H will not
be invariant under the global orientifold involution I6 and will fall into orbits of length two
under I6. Some of these I6–orbits may coincide with the G–orbits. In this case, no further
effect arises. When G contains in particular a Z2 subgroup in each coordinate direction, all
equivalence classes under I6 and these subgroups coincide. When certain fixed points or lines
(which do not already form an orbit under G) are identified under the orientifold quotient,
the second cohomology splits into an invariant and an anti–invariant part under I6:
H1,1(X) = H1,1+ (X)⊕ H1,1− (X) . (4.4)
The geometry is effectively reduced by the quotient and the moduli associated to the excep-
tional divisors of the anti–invariant patches are consequently no longer geometric moduli.
They take the form [1]
Ga = Ca2 + S B
a
2. (4.5)
Example B: T6/Z6−I I on SU(2)× SU(6)
To determine the value of h(1,1)− for this example, we must examine the configuration of fixed sets
given in Table 4.1 and Figure 4.2.a and the resolution of the local patch, see Figure 4.2.b, and
determine the conjugacy classes of the fixed sets under the global involution I6 : zi → −zi.
Group el. Order Fixed Set Conj. Classes
θ 6 12 fixed points 12
θ2 3 3 fixed lines 3
θ3 2 4 fixed lines 4
Table 4.1: Fixed point set for Z6−I I–orbifold on SU(2)× SU(6).
The fixed sets located at z2 = 0 are invariant under I6, those located at z2 = 1/3 are mapped
to z2 = 2/3 and vice versa. Clearly, this is an example with h(1,1)− 6= 0. The divisors E1,βγ, E2,β
and E4,β for β = 2, 3 are concerned here. Out of these twelve divisors, six invariant combinations
can be formed:
E1,inv,γ =
1
2
(E1,2γ + E1,3γ), E2,inv =
1
2
(E2,2 + E2,3) and E4,inv =
1
2
(E4,2 + E4,3). (4.6)
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(b) Schematic picture of the fixed set configuration
of Z6−I I on SU(2)× SU(6)
Figure 4.1: Resolution of C3/Z6−I I and fixed set configuration of Z6−I I on SU(2)× SU(6)
With a minus sign instead of a plus sign, the combinations are anti–invariant, therefore h(1,1)− =
6.
4.3 The local orientifold involution on the resolved patches
Now we want to discuss the orientifold action for the smooth Calabi–Yau manifolds X result-
ing from the resolved torus orbifolds. For such a manifold X, we will denote its orientifold
quotient X/I6 by B and the orientifold projection by pi : X → B. Away from the location
of the resolved singularities, the orientifold involution retains the form (4.1). As explained
above, the orbifold fixed points fall into two classes:
O1) The fixed point is invariant under I6, i.e. its exceptional divisors are in h1,1+ .
O2) The fixed point lies in an orbit of length two under I6, i.e. is mapped to another fixed
point. The invariant combinations of the corresponding exceptional divisors contribute
to h1,1+ , while the remaining linear combinations contribute to h
1,1
− .
The fixed points of class O1) locally feel the involution: Let zfixed,α denote some fixed point.
Since zfixed,α is invariant under (4.1),
(zifixed,α + ∆z
i)→ (zifixed,α − ∆zi). (4.7)
In local coordinates centered around zfixed,α, I6 therefore acts as
(z1, z2, z3)→ (−z1,−z2,−z3). (4.8)
In case O2), the point zfixed,α is not fixed, but gets mapped to a different fixed point zfixed,β.
So locally,
(zifixed,α + ∆z
i)→ (zifixed,β − ∆zi). (4.9)
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In the quotient, zfixed,α and zfixed,β are identified, i.e. correspond the the same point. In local
coordinates centered around this point, I6 therefore acts again as zi → −zi, see (4.8).
For the fixed lines, we apply the same prescription. The involution on fixed lines with
fixed points on them is constrained by the involution on the fixed points.
What happens in the local patches after the singularities were resolved? A local involution
I has to be defined in terms of the local coordinates, such that it agrees with the restriction
of the global involution I6 on X. Therefore, we require that I maps zi to −zi. In addition
to the three coordinates zi inherited from C3, there are now also the new coordinates yk
corresponding to the exceptional divisors Ek. For the choice of the action of I on the yk of an
individual patch, there is some freedom.
For simplicity we restrict the orientifold actions to be multiplications by −1 only. We do
not take into account transpositions of coordinates or shifts by half a lattice vector. The latter
have been considered in the context of toric Calabi–Yau hypersurfaces in [2]. The allowed
transpositions can be determined from the toric diagram of the local patch by requiring that
the adjacencies of the diagram be preserved.
The only requirements I must fulfill are compatibility with the C∗–action of the toric
variety, i.e.
(−z1,−z2,−z3, (−1)σ1 y1, . . . , (−1)σn yn) = (
r
∏
a=1
λ
l(a)1
1 z1, . . . ,
r
∏
a=1
λl
(a)
n
n yn) (4.10)
where l(a)i encode the linear relations (2.7) of the toric patch, and that subsets of the set of
solutions to (4.10) must not be mapped to the excluded set of the toric variety and vice versa.
The fixed point set under the combined action of I and the scaling action of the toric
variety gives the configuration of O3– and O7–planes in the local patches. Care must be
taken that only these solutions which do not lie in the excluded set are considered. We also
exclude solutions which do not lead to solutions of the right dimension, i.e. do not lead to
O3/O7–planes.
On an individual patch, we can in principle choose any of the possible involutions on
the local coordinates. In the global model however, the resulting solutions of the individual
patches must be compatible with each other. While O7–planes on the exceptional divisors in
the interior of the toric diagram are not seen by the other patches, O7–plane solutions which
lie on the D–planes or on the exceptional divisors on a fixed line must be reproduced by all
patches which lie in the same plane, respectively on the same fixed line. This is of course also
true for different types of patches which lie in the same plane.
It is in principle possible for examples with many interior points of the toric diagram to
choose different orientifold involutions on the different patches which lead to solutions that
are consistent with each other. We choose the same involution on all patches, which for
simple examples such as Z4 or the Z6 orbifolds is the only consistent possibility.
The solutions for the fixed sets under the combined action of I and the scaling action
give also conditions to the λi appearing in the scaling actions, they are set to ±1. The O–
plane solutions of the full patch descend to solutions on the restriction to the fixed lines on
which the patch lies. For the restriction, we set the λi which not corresponding to the Mori
generators of the fixed line to ±1 in accordance with the values of the λi of the solution for
the whole patch which lies on this fixed line.
A further global consistency requirement comes from the observation that the orientifold
action commutes with the singularity resolution. A choice of the orientifold action on the
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resolved torus orbifold must therefore reproduce the orientifold action on the orbifold and
yield the same fixed point set in the blow–down limit.
Given a consistent global orientifold action it might still happen that the model does not
exist. This is the case if the tadpoles cannot be cancelled.
Example B: T6/Z6−I I on SU(2)× SU(6)
On the homogeneous coordinates yk, several different local actions are possible. We give the eight
possible actions which only involve sending coordinates to their negatives:
(1) I : (z, y)→ (−z1,−z2,−z3, y1, y2, y3, y4)
(2) I : (z, y)→ (−z1,−z2,−z3, y1, y2,−y3,−y4)
(3) I : (z, y)→ (−z1,−z2,−z3, y1,−y2, y3,−y4)
(4) I : (z, y)→ (−z1,−z2,−z3, y1,−y2,−y3, y4)
(5) I : (z, y)→ (−z1,−z2,−z3,−y1, y2, y3,−y4)
(6) I : (z, y)→ (−z1,−z2,−z3,−y1, y2,−y3, y4)
(7) I : (z, y)→ (−z1,−z2,−z3,−y1,−y2, y3, y4)
(8) I : (z, y)→ (−z1,−z2,−z3,−y1,−y2,−y3,−y4) (4.11)
In the orbifold limit, (4.11) reduces to I6. Note that the eight possible involutions only lead to
four distinct fixed sets (but to different values for the λi).
We focus for the moment on the third possibility. With the scaling action
(z1, z2, z3, y1, y2, y3, y4)→ (λ1λ3
λ4
z1, λ2 z2, λ3 z3,
1
λ4
y1,
λ1
λ22
y2,
λ4
λ23
y3,
λ2λ4
λ21
y4) (4.12)
we get the solutions
(i). z1 = 0, λ1 = λ2 = λ3 = −1, λ4 = 1,
(ii). z3 = 0, λ1 = λ2 = −1, λ3 = λ4 = 1,
(iii). y2 = 0, λ1 = λ4 = 1, λ2 = λ3 = −1.
This corresponds to an O7–plane wrapped on D1, one on each of the four D3,γ and one wrapped
on each of the two invariant E2,β. No O3–plane solutions occur. λ1 and λ2 correspond to the two
Mori generators of the Z3–fixed line. We restrict to it by setting λ3 = −1, λ4 = 1 in accordance
with solution (i) and (ii) which are seen by this fixed line. The scaling action thus becomes
(z1, z2, z3, y1, y2, y3, y4)→ (−λ1 z1, λ2 z2,−z3, y1, λ1
λ22
y2, y3,
λ2
λ21
y4). (4.13)
y1 and y3 do not appear in the fixed line, and the restriction makes sense only directly at the
fixed point, i.e. for z3 = 0. With this scaling action and the involution (3), we again reproduce
the solutions (i) and (ii). λ3 corresponds to the Mori generator of the Z2 fixed line. We restrict
to it by setting λ1 = λ2 = −1, λ4 = 1. The scaling action becomes
(z1, z2, z3, y1, y2, y3, y4)→ (−λ3 z1,− z2, λ3 z3, y1, −y2, 1
λ23
y3,− y4), (4.14)
which together with the involution (3) again reproduces the solutions (i) and (iii). Global con-
sistency is ensured since we only have one kind of patch on which we choose the same involution
for all patches.
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4.4 The intersection ring
The intersection ring of the orientifold can be determined as follows. The basis is the relation
between the divisors on the Calabi–Yau manifold X and the divisors on the orientifold B. The
first observation is that the integral on B is half the integral on X:∫
B
Ŝa ∧ Ŝb ∧ Ŝc = 12
∫
X
Sa ∧ Sb ∧ Sc, (4.15)
where the hat denotes the corresponding divisor on B. The second observation is that for a
divisor Sa on X which is not fixed under I6 we have Sa = pi∗Ŝa. If, however, Sa is fixed by I6,
we have to take Sa = 12pi
∗Ŝa because the volume of Sa in X is the same as the volume of Ŝa
on B. Applying these rules to the intersection ring obtained in Section 3.3 immediately yields
the intersection ring of B: triple intersection numbers between divisors which are not fixed
under the orientifold involution become halved. If one of the divisors is fixed, the intersection
numbers on the orientifold are the same as on the Calabi–Yau. If two (three) of the divisors
are fixed, the intersection numbers on the orientifold must be multiplied by a factor of two
(four).
Example B: T6/Z6−I I on SU(2)× SU(6)
The global linear relations for the Calabi–Yau manifold are:
R1 ∼ 6 D1 + 3
4
∑
γ=1
E3,γ +∑
β,γ
E1,βγ +
3
∑
β=1
[ 2 E2,β + 4 E4,β],
R2 ∼ 3 D2,β +
4
∑
γ=1
E1,βγ + 2 E2,β + E4,β,
R3 ∼ 2 D3,γ +
3
∑
β=1
E1,βγ + E3,γ. (4.16)
After the orientifold involution, they become
R1 ∼ 3 D1 + 3
4
∑
γ=1
E3,γ +∑
β,γ
E1,βγ +
2
∑
β=1
[ E2,β + 4 E4,β],
R2 ∼ 3 D2,β +
4
∑
γ=1
E1,βγ + E2,β + E4,β,
R3 ∼ D3,γ +
2
∑
β=1
E1,βγ + E3,γ. (4.17)
The intersection numbers of the Calabi–Yau are
R1R2R3 = 6, R3E2,βE4,β = 1, E1,βγE2,βE4,β = 1,
R2E23,γ = −2, R3E22,β = −2, R3E24,β = −2,
E31,βγ = 6, E
3
2,β = 8, E
3
3,γ = 8,
E34,β = 8, E1,βγE
2
2,β = −2, E1,βγE23,γ = −2,
E1,βγE24,β = −2, E22,βE4,β = −2. (4.18)
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Intersection numbers which contain no factor of E2,β are halved for the orientifold. If the inter-
section number contains one factor of E2,β, it remains the same. If two (three) factors E2,β are
present, the number on the Calabi–Yau is multiplied by a factor of two (four). This leads to the
following modified triple intersection numbers:
R1R2R3 = 3, R3E2,βE4,β = 1, E1,βγE2,βE4,β = 1,
R2E23,γ = −1, R3E22,β = −4, R3E24,β = −1,
E31,βγ = 3, E
3
2,β = 32, E
3
3,γ = 4,
E34,β = 4, E1,βγE
2
2,β = −4, E1,βγE23,γ = −1,
E1,βγE24,β = −1, E22,βE4,β = −4. (4.19)
4.5 Literature
The methods described in Lectures 3 and 4 were pioneered in [3] and later generalized in [4].
An extended description can be found in [5].
Bibliography
[1] T. W. Grimm, The effective action of type II Calabi-Yau orientifolds, Fortsch. Phys. 53
(2005) 1179–1271, [hep-th/0507153].
[2] P. Berglund, A. Klemm, P. Mayr, and S. Theisen, On type IIB vacua with varying coupling
constant, Nucl. Phys. B558 (1999) 178–204, [hep-th/9805189].
[3] F. Denef, M. R. Douglas, B. Florea, A. Grassi, and S. Kachru, Fixing all moduli in a simple
F-theory compactification, Adv. Theor. Math. Phys. 9 (2005) 861–929, [hep-th/0503124].
[4] D. Lüst, S. Reffert, E. Scheidegger, and S. Stieberger, Resolved toroidal orbifolds and their
orientifolds, hep-th/0609014.
[5] S. Reffert, Toroidal orbifolds: Resolutions, orientifolds and applications in string
phenomenology, hep-th/0609040.
50
Acknowledgements
I would like to thank Domenico Orlando for comments on the lectures and the manuscript,
as well as Robbert Dijkgraaf for general advice. Furthermore, I would like to thank Emanuel
Scheidegger for collaboration on the material covered in Lectures 3 and 4.
Moreover, I would like to thank the organizers of the Workshop on String and M–Theory
Approaches to Particle Physics and Astronomy for the giving me the possibility of teaching
this lecture series, and the Galileo Galilei Institute for Theoretical Physics for hospitality, as
well as INFN for partial support during the completion of this manuscript.
S.R. is supported by the EC’s Marie Curie Research Training Network under the contract
MRTN-CT-2004-512194 "Superstrings".
51
